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ABSTRACT: This paper develops a lattice theory of strongly associating polymer sclutions capable of forming
macronetworks. The general procedure to deduce thermodynamic properties is presented and applied to
thermoreversible gels. It is demonstrated that the multiple-equilibria conditions for molecular association
caused by physical cross-linking can describe, when combined with traditional solution theory, the characteristic
features of the temperature-concentration phase diagram. The central problem analyzed is the interference

between gelation and two-phase separation.

1. Introduction

One of the few uninvestigated important subjects of
polymer solutions is the spatial organization by strongly
associative forces capable of forming bonds. It is clear that
consideration of strong interpolymer interaction super-
posed on the familiar description of statistical chains can
lead to the application of polymer science in numerous
systems of practical interest. These include dimeriza-
tion, solvation, and network formation. The purpose of
this paper is to construct a thermodynamic theory of
solutions, which include polymer chains carrying reactive
groups capable of pairwisely forming bonds. We assume
that the binding energy of a bond is, although strong
enough to form specific spatial structures, of the order of
thermal energy so that the entire system can readily reach
thermal equilibrium. Association caused by such
interaction can be classified into the following categories:

(1) Polymer chains A associate with each other in a
solvent (S). We refer to this case symbolically as A-A/S.
Homopolymer networks appear in this case.

(2) Polymer chains A associate with polymer chains B
in a mixture of A and B. We refer to this case as A-B. Het-
eropolymer networks are formed in this case.

(3) Short polymer chains B (or solvent molecules (S))
cross-link long polymer chains A by conterminous reaction
(or by forming a three-dimensional complex). We refer
to this case as A-B-A (or A-S-A). Network properties are
controlled by the chain length of the cross-linkers.

(4) Polymer chains A and polymer chains B can associate
with each other within the same species but cannot form
bonds between monomers of different species. We refer
to this case as A-A/B-B. Interpenetrating polymer
networks (IPN) are formed in this case.
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The structure of a cluster formed in each category is
schematically shown in Figure 1. We develop in this paper
a thermodynamic theory that can treat all of these
important categories. Extensive polydispersity inherent
to such associating solutions is thermally controlled and
strongly dependent on the composition of the system.

In the preceding papers,’'2 we developed a
thermodynamic theory of solutions belonging to category
1 and studied the phase behavior caused by the interference
between gelation and phase separation. Comparison was
made with experimental observations34 for atactic
polystyrene in the solvent of carbon disulfide. Present
theory includes this theory as its special case.

Solution properties of a system belonging to category
2 were recently studied®® in relation to the cluster
formation by hydrogen bonding. Our theory includes this
problem as another special case.

Thermodynamics of polymer solutions” and statistics
of chain reaction (for example, polycondensation®) have
so far been theoretically treated separately.® Our theory
will attempt to unify these two mainstreams in the polymer
science. In section 2, we will define our problem in more
specific terms. Sections 3-5 are devoted to developing the
theory. Some special applications and testing of the theory
are presented in sections 6 and 7.

2. Definition of the Problem

Consider a binary mixture of linear polymers A and B.
We assume for simplicity that polymer chains of each
species consist of statistical units of the same size, a. The
numbers of the statistical units on a chain are assumed
to be na for A chain and ng for B chain. We also assume
that each chain carries a large number of reactive groups

© 1990 American Chemical Society
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A-A/S

A-B-A

A-A/B-B

Figure 1. Four main categories of the network-forming polymer
solutions are schematically drawn. Thick lines show A polymer
chains, broken lines B polymer chains, and black circles cross-
linked points.

capable of pairwisely forming bonds, although it is not
necessary to specify the details of the interaction at this
stage. In thermal equilibrium, associative interactions
among specific groups on the polymer chains form inter-
molecular clusters with a wide spectrum of size. The
system is inherently polydisperse and, in some case,
contains a polymer network that has grown to macroscopic
dimensions.

Let (I,m) be the symbol referring to a cluster made up
of [ A chains and m B chains, and let N, ,, be the number
of clusters of the type (I,m) in the system. The chains that
remain isolated are then specified by the symbol (1,0) or
(0,1). To avoid confusion with monomeric units, let us call
them A unimer or B unimer. Let V be the total volume
of the system, and let @ = V/a® be the number of
microscopic cells measured in the unit of the volume a3
of a statistical unit. The volume fraction occupied by the
total of (I,m) clusters is then given by

O = (Iny + mnp)y,, .1

where v, = Nin/Q is the number concentration of the
clusters of the (I,m) type.

To cope with the appearance of macroscopic networks
(hereafter referred to as “gel”), which contain an infinite
number of polymers of either the A or B species, we first
specify the part of the system consisting of finite-size
clusters (/,m), which will be referred to as “sol”. The
volume fraction of A polymers in the sol part is given by
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IREI N 2.2)
Im
and similarly
¢p° = nBZmVl,m (2.3)
iL,m

for B polymers. Here the summation is taken over all
possible sets of integers (I,m) except (0,0). Infinite clusters
are not included in these series. The total volume fraction
of the sol part in the system is given by the sum of the
two:

05 =65+ 05 = D Oum (2.4)
Im

This should be equal to unity when no macronetworks exist
(pregel regime) but becomes smaller than unity as soon
as a macronetwork appears (postgel regime). Let ¢; be the
volume fraction of the species i (i = A, B), which can be
externally controlled in the experiments. The relation

ppt+top=1 (2.5)

should always hold for these, because incompressibility of
the system is assumed. The excess quantities

of=¢;-¢° i=AB (2.6)

should then be regarded as the amount of monomers of
the i species that are participating in the macroscopic
network. We call them the “gel volume fraction of i
species”. The total gel fraction is then given by

$0=1-¢5=1-) ¢, 2.7)
im

The number »,G of i chains (per lattice site) belonging to
the gel part is given by

ViG = d)iG/ni (2.8)

We now impose the conditions that the cluster
formation-decomposition processes [(1,0) + m(0,1) = (I,m)
are in multiple equilibria. These conditions can be
expressed in a compact form

l}.tA + mug = Him (2.9)

in terms of the chemical potentials for all possible sets of
(l,m), as is familiar for chemical equilibria.l® Here u; (i
= A, B) is the chemical potential of an { unimer in the
system and w;, the chemical potential of a cluster of the
(I,m) type. We have ua = uy0and up = po,1 by definition.
The free energy, combined with the multiple-equilibria
conditions (eq 2.9), reveals the thermodynamic properties
of associating polymer mixtures. Among them we shall
focus on the cluster distribution function, phase separation,
and sol-to-gel transition.

3. Lattice Theory of Associating Polymer
Solutions

We consider the free energy change, AF, to bring the
system to the actual state starting from the reference state
in which N, unreacted A chains and Ny unreacted B chains
are prepared separately. We first connect the chains to
form clusters until their size distribution becomes exactly
the same as that we have in the actual system. The free
energy change, AF, in this step is expressed as

G
AFrea = Q{Z“I,moyl,m + }LAGol‘AG + [\LBGoyB } (3.1)
Lm

where u;,° is the chemical potential of an (I,m) cluster
in the isolated state and u,6° (i = A, B) is the chemical
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potential of a single i chain that is a part of the gel network.
Under a constant pressure, u;»° is equivalent to the
internal free energy due to the combination and bond
formation of the constitutional chains. Similarly, x,5° is
the free energy change produced when an isolated i chain
participates in the gel network from isolation.

We next mix thus constructed clusters to form a mixture.
The free energy change in this mixing process is given by

BAF iy = 1D vy In 6y + xa5) (3.2)
Lm

according to the lattice theory of polymer solutions
developed by Flory and Huggins,® where 8 = 1/kT is the
inverse temperature and x the Flory-Huggins x parameter
specifying the strength of the contact interaction between
A monomer and B monomer. The x parameter depends
on the temperature.

Combining eqs 3.1 and 3.2, we are led to the total free
energy

AF = AFx'ea + AFmix (3'3)

from which our theory starts. The chemical potential of
each cluster in the mixture can be found from this free
energy by differentiation. We find after lengthy calculation

Bﬂl.m = B(&AF/GN,V,H)T’N« = 6/.(.[’,,!0 -+ ln (’bl,m +1- (nAl +
ngm)v® + xinalog + ngme, — (nyl + ngm)gadgl (3.4)

where differentiation must be taken under constant
temperature and a constant number of clusters that are
different from the (I,m) type. Here the total number »8
of clusters in the sol part is given by

B2, (3.5)

im
We next introduce an averaging procedure (@) for any
quantity @ pertaining to the sol part. This is done by
taking the cluster number v, as the probability weight.
For example, we have

(=D lop/s® (3.62)
ILm

(m) = val.m/vs (3.6b)
im

for the average association number for A and B molecules
in the sol, respectively. By definition such an average is
called the “number average”.

In terms of this number average, the mean cluster
number (eq 3.5) can be rewritten as

S = ¢8/(nul + ngm) (3.7
where ¢% = Y (nal + ngm)y,m is the volume fraction of the
sol part as defined in eq 2.4.

By similar differentiation of the free energy, we find

ﬂuAG = Bua%° ~ npS + xnabs” (3.8a)

Bup® = Bup’® ~ npvS + xnpos’ (3.8b)

for the chemical potential of a single chain of each species
belonging to the gel network.

Having obtained the chemical potentials, we now impose
the multiple-equilibria conditions for the association—
dissociation process. Substituting eq 3.4 into eq 2.9, we
find after rearrangement

O = Kimx'y™ (3.9)

where x = ¢10 and y = ¢o,; are the volume fractions of A
unimer and B unimer, respectively. The association

Macromolecules, Vol. 23, No. 16, 1990

constant K, is defined by
Kin=expltm-1-4,,) (3.10)

in terms of the difference A;n, in the dimensionless
chemical potentials before and after the clustering:

Al = Buy® = up® = mug®) (3.11)

We have thus found the distribution of clusters in terms
of the unimer concentration of both species. The internal
free energies of the clusters affect the solution properties
through the association constants. From the cluster volume
fractions (eq 3.9) we find the total number of clusters, 1S,
in the sol and the sol volume fraction, ¢S, as a function
of x and y:

Klm
S S ’ {,,m
v =00 (x,y) = —x'y (3.12)
LzmlnA + mng
¢S = ¢5(x,y) = ZK;,mxly’" (3.13)
im

By taking the derivatives of +S, eqs 2.2 and 2.3 are
transformed into

045 = npx(dv¥(x,y)/dx) (3.14a)

op> = npy(3r5(x,y)/3y) (3.14b)

which give the volume fraction of each species in the sol.
A relation

(npxd/9x + ngyd/dy)i(x,y) = 6*(x,y)  (3.15)
holds as it should.

4. Pregel Regime

To study the thermodynamic properties, we must express
the unimer concentrations as a function of total
concentration. In the following we take ¢4 as the
independent variable and write it simply as ¢. We then
have ¢ = 1 — ¢ by definition. In the pregel regime where
no macronetwork exists, the infinite double power series
(eq 3.13 and hence eq 3.12) converges to provide an
analytical function. Because we have ¢45 = ¢ and ¢S5 =
1 - ¢ in this regime, the relations 3.14a,b give the coupled
equations

nax(38(x,y)/0x) = ¢ (4.1a)

ngy(35(x,y)/dy) = 1- ¢ (4.1b)

By these two equations we can solve the two unknown
parameters x and y as a function of ¢. Once we find x and
y, we can readily express any moments of the cluster
distribution function in terms of the system composition
¢ and the temperature 7. For example the number-
average association numbers (!) and (m) for each species
are given by

(1) =81nsx,y)/d1Inx (4.2a)
(m)=08InSx,y)/dIlny (4.2b)

The weight averages are similarly given by
(1), =9In¢3(x,y)/dInx (4.3a)
(m),=3dIn¢3x,y)/d1ny (4.3b)

The functional forms of x(¢) and y{¢) must be substituted
after taking derivatives shown on the right-hand-side of
these equations.

To study thermodynamic stability of the system, we next
consider the Gibbs free energy. Gibbs—Duhem’s relation
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gives g = X uimvim for the Gibbs free energy per lattice
cell, but this is equivalent to

g = ualdp/ny) + up(ep/np) (4.4)

due to the multiple-equilibria conditions. Substituting into
eq 4.4 ua and up derived from eq 3.4 by setting (I,m) =
(1,0) or (0,1), we find g = go + Ag, where go = ua®¢a/na
+ up®¢p/np is the free energy in the reference state, and
an additional Ag defined by

BAg=¢/nylnx+ (1-9¢)/nglny+¢/n,+

(1-¢)/ng = v3(x,y) + x6(1 - ¢) (4.5)
is due to the association and mixing. The unimer
concentrations x and y in this equation should be regarded
as a function of ¢.

The spinodal line that separates the thermodynamically
unstable region from the stable one on the temperature—
concentration plane is given by the condition® §2Ag/d¢?
= 0, or explicitly

KA(¢’)+ KB(¢)
nad  np(l-¢)

in our model, where newly appeared « functions are defined
by

-2x=0 (4.6)

ka(@) = ¢d1n x /3¢
kp(¢) B—(1-¢)dIny/d¢ 4.7

The spinodal condition (eq 4.6) differs from the familiar
one for a monodisperse solution? in that, for an associating
species i, complex function «; appears in the numerator
where there should be unity for nonassociating species.
Deviation of the « functions from unity thus gives the effect
of cross-linking.

5. Sol-to-Gel Transition

We have tacitly assumed so far that the infinite double
power series for ¢S (and hence for »5) converges. A point
in the unit square (0 £x <1,0 £y £1) on the (x,y) plane
gives a definite value of ¢® and »S under such convergence
conditions. If we vary the total composition ¢, the point
(x,¥) moves in the unit square. For a macroscopic network
(l or m = =) to appear, however, ¢S must stick to a certain
value smaller than 1 to give an excess quantity 1 - ¢S. This
condition is satisfied if ¢S(x,y), as a function of x and y,
takes a finite value smaller than 1 on a line in the unit
square and diverges as soon as the point (x,y) crosses it.
For a solution capable of gelling, therefore, a borderline
exists and separates the square into a convergent region
and a divergent region of the power series. Exactly on the
boundary line, ¢S and »S take a finite value, while outside
this line they diverge. Since the radius of convergence
depends on the total concentration ¢, let us express the
boundary by a parametric representation (x*(¢),y*(¢)) for
0 < ¢ < 1. As ¢ varies, the sol fraction changes according
to the relation ¢S = ¢S(x*(¢),y*(¢)). The gel fraction can
be found by subtraction: ¢& =1 - ¢3(x*(¢),y*(¢)). Simple
examples of the boundary lines will be presented in the
following section.

In the postgel regime a chain participating in the gel
network is in chemical equilibrium with an isolated chain
of the same species. This imposes additional conditions:

Mo = a® oy = ug° (6.1
Substituting eqs 3.4 and 3.8, we find
Blup® —up8) +Inx*+1=0 (5.2a)
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Blug® - ug®®) +Iny* +1=0 (5.2b)

Let 8; = 6(1;%° — 11,°) be the dimensionless free energy that
an i chain gains when it is absorbed into the gel network
from isolation. They depend on the total composition. The
unimer concentration on the convergence line is then given
by

x*(¢) = explda(d) -1} y*(¢) = explog(¢) - 1} (5.3)

from eqs 5.2a and b. These equations provide explicit
meanings of the sol-to-gel transition boundary on the (x,y)
plane in terms of the physical quantities é;.

We next proceed to the study of the thermodynamic
properties in the postgel regime. The relation 3.14 giving
the sol fraction of each species must now be replaced by

¢S = nAx*(aus/ax),.,y. (5.4a)

o’ = ngy*(8,5/3y), ¥+ (5.4b)

in this regime. The Gibbs free energy per lattice site in
this postgel regime includes contribution from the gel:

g= Z#z,ml’z,m + a9 + up g (5.5)
im
Multiple-equilibria conditions again lead to g = go + Ag
with
BAg=¢/npylnx*+ (1-¢)/nglny*+ ¢/n, +
(1-¢)/ng - *(x*y*) + x¢(1 - ¢) (5.6)

Taking the second derivative, we are led to the spinodal
condition

ka* (o) + kg*(¢)
nad ng(l-¢)

after some rearrangement, where the functions «;* are given
by

-2x=0 (5.7

ka*(9) = ¢d%>(1 + ¢AG%) In x* (5.8a)
kg*(6) = ~(1 - "”a%(l - ¢BG§$) Iny*  (5.8b)

6. Simple Examples of the Nongelling Case

Having developed a general thermodynamic theory of
associating polymer solutions, we now test it by applying
it to specific systems. This will demonstrate the validity
of the theory. We first focus our attention on the solutions
in which polymers can form aggregates, but the size of the
clusters is limited to being finite (hereafter referred to as
“nongelling” case).

A. Dimer Formation. The first example is dimer
formation. Consider a mixture of polymer A and polymer
B, each carrying one reactive group on its chain end.
Assume that a pair of reactive groups on different species
can form a bond, while chains of the same species do not
react with each other. A dimer A-B produced is a block
copolymer. The system contains three types of molecules:
(1,0), (0,1), and (1,1) in our present notation. Applying
our theory, we find K10 = Ko,; = 1 and K;,; = exp(l - A)
= K for the association constants, where A = 3(u;,1° — ua®
- ug®). The incompressibility condition requires that the
total volume fraction must be unity

Sxy)=x+y+Kxy=1 (6.1)

where x and y are the volume fractions of isolated A and
B chains, respectively. The average number of clusters
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is similarly given by

wBx,y) = (1/n)(x/a +y/b+ Kxy) (6.2)

with n = ny + ng, a = na/n, and b = ng/n. General
procedure 4.1 leads to the relations

nAx(aus/ax) =x(l +aKy)=¢ (6.3a)

ngy(@5/dy) = y(1+ bKx) =1-¢ (6.3b)

from which x and y can be expressed as a function of the
volume fraction ¢ of A polymers. Straightforward
calculation leads to the result

x=¢-az y=1-¢-bz (6.4)
where z = Kxy is the volume fraction of A-B chains.
Substituting eq 6.4 into this definition, we find that z must
be one root of a second-order algebraic equation: z = K(¢

- az)(1 - ¢ - b2). Taking the root with correct sign, we
find

2(¢) = la(1 ~ ¢) + b + K1 + [D(#)]VY/2ab (6.5)

where D(¢) ={a(l - ¢) + b¢ + K12~ 4abg(1 -~ ¢). When
this z function is used, the « functions can be written as
1-az’ 1+ bz

1-az/¢ xs(0) 1-bz/(1-9¢) (6.6)
where z' = dz/d¢ is the derivative of z(¢). The spinodal
condition (eq 4.6) gives the limit of macroscopic stability
of the system. Although it is interesting to find the
miscibility gap on the temperature-concentration plane
by solving this equation, there is another important factor
to be considered for the case of block copolymer solutions.
This is the tendency of the system to form microscopic
phases.!112 These are spatially inhomogeneous phases
including lamella structure, spherical or rodlike mi-
celles, and so on. The novel aspect of our associating
mixture is that the population of the block copolymer is
automatically fixed by the equilibrium condition.
Therefore, a broad possibility arises: to control mi-
crophases by changing the temperature. The competition
or interference between microphase formation and mac-
rophase separation will bring a wealth of new results, which
we shall discuss in a separate paper!? in detail.

B. Solvation. We consider another simple example
of nongelling association. Consider a polymer solution in
which solvent molecules can stick onto a specific group on
the polymer chains. Hydrogen bonding! between a solvent
water molecule and an oxygen atom on a water-soluble
chain provides a typical example of such interaction.!®
Capture of a solvent molecule by a cavity formed between
neighboring large side groups?® is another example. Ste-
reoregularity of the polymer plays an important role in the
latter case.

Let f be the number of groups on a polymer chain that
can capture a solvent molecule. In equilibrium the system
contains clusters of the type (0,1), (1,0), and (1,m) (m =
1, .., /). We then have

K,x(d’) =

$°(ey) =y + xtKl,my’" =1 (6.7)
m=1
g Kl,m
Pyl =y +x Y™ (6.8)
meint+tm

The whole procedure can readily be applied to this case.
Since solubility is enhanced by solvation when the
temperature is decreased, we find the remarkable
conclusion that the system can exhibit a closed type
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miscibility gap with lower critical solution temperature
when certain plausible conditions are satisfied. Details
will be discussed and compared with the experiments in
a subsequent paper.17

7. An Example of the Gelling Case

We now proceed to the study of gelling systems. One
of the simplest examples is a polymer solution in which
polymers, each carrying f identical reactive groups, can
associate each other in a solvent by forming bonds between
a pair of reactive groups. The system can be symbolized
as A-A/S in our notation. In a recent paper,!? we studied
thermodynamic properties of this system and found a
variety of novel aspects in its phase behavior. These
include tricriticality and three-phase equilibrium caused
by the interference between gelation and phase separation.
We now show that our previous theory can be derived as
a special case of the present study. The clusters we have
in the system consist of the types (0,1) and (/,0) ({ = 1, 2,
..., ). In our paper,! we considered the simplest model
in which clusters are constructed in the form of a Cayley
tree made up of chains carrying f functional groups.
Internal loop formation was neglected. The association
constants K;, must then be proportional to the Stock-
mayer distribution® w, = (fl - D!/I(fl - 21 + 2)!. We
introduce a temperature shift factor A(T) = f exp(1 - B4Afo),
where Afy is the free energy change in a single-bond
formation. Concentration variables appear always with
this factor. Using scaled unimer concentrations x = A(T)-
¢1,0 and y = MT)go,1, we find

NS xy) =y +f)_wp! (1.1)
I=1
and
NS(ey) =y + (F/m) D (wy/Da! (7.2)
=1

where n is the degree of polymerization of a chain. The
procedure indicated by eq 4.1 leads to the result

dG_y(x)
fx dx M
fy=X1-¢) (7.3b)

where functions G(x) for integer k are defined by the kth
moment of the Stockmayer distribution:

(7.3a)

Gylx) = kawmx’" (7.4)
m=1

Since a relation xGi-1’(x) = Gr(x) holds, (eq 7.3a) gives
fGo(x) = A\¢. Inverting this relation, we find the function
Y(A@), in eq 6.11 of the ref 1. The sol-to-gel transition line
is given by the radius of convergence, x*, of the function
Go(x), while the solvent concentration, y, can be arbitrary.
Simple mathematical analysis gives x* = (f— 2)"2/(f - 1)/,
The boundary line on the (x,y) plane is therefore parallel
to the v axis as shown in Figure 2. Since fGo(x*) = 1/(2(f
- 2)), this line corresponds to A¢ = 1/(2(f - 2)) when
mapped on the physical temperature-concentration plane.
All these results are in agreement with our previous theory,!
and we shall not repeat here the further details.

8. Conclusion and Discussion

We have developed a thermodynamic theory of
associating polymer solutions. It has been demonstrated
that the range of its validity is sufficiently broad so that,
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X
0 X "

Figure 2. Sol-to-gel transition line is shown on the (x,y) plane
of the unimer concentrations for a model gelling system A.A/S,
The concentration x of the isolated polymers is fixed as the total
concentration is changed, while the solvent concentration y is
arbitrary.

as far as equilibrium properties are concerned, it can be
applied to numerous systems of practical interest, including
hydration, block copolymers, a large variety of gels, and
an interpenetrating polymer network. Detailed studies of
each specific problem will be treated in the subsequent
papers. It is hoped that the study of associating polymers
will provide key ideas for the understanding of other spatial
and temporal structures formed by strong interactions.

Clearly, the models we discussed in this paper are crude
in the sense that they are based on the classical mean-
field picture. They were chosen so as to make the final
calculation as simple as possible, while maintaining physical
reasonableness. Since mean-field approximation does not
correctly predict the nature of concentration fluctuations
near the phase transition point, more sophisticated
treatment of the fluctuation effects will be necessary in
the next step when a new type of phase transition is
predicted in our theory. The scaling theory of associating
polymers developed by Cates and Witten!8 illustrates a
possible approach toward this goal.

There are two major transitions in our system: gela-
tion and phase separation, each accompanied with its own
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critical phenomena. In a special case where the two
transitions come close to each other on the temperature-
concentration plane, fluctuations of a different nature
conflict. It is possible for a completely new critical
phenomena to appear as a result. Comprehension of
interrelations between molecular association and
thermodynamic properties is an obvious prerequisite for
interpretation of a wide variety of self-organization in mac-
romolecular solutions.
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